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Abstract

In this manuscript we present a novel discretization for the incompressible MHD system. Our approach follows the framework of
the Virtual Element Method and offers two main advantages. The method can be implemented in unstructured meshes making it
highly versatile and capable of handling a wide array of problems involving interfaces, free-boundaries or adaptive refinements on
the mesh. The second advantage involves the divergence of the magnetic field, our approach guarantees that it remains solenoidal.
We include a theoretical proof of the condition on the magnetic field as well as energy estimates and a well-posedness study. The
latter sheds light as to the stability properties of the method.
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1. Introduction

The number of applications involving magnetized fluids has skyrocketed in the modern age. With this interest in
mind great efforts have been devoted to predict their behavior. To this end a series of models have been developed. One
approach that has withstood the test of time and has become standard goes by the name of Magneto-hydrodynamics
(MHD). MHD can be thought of as a coupling between fluid flow and electromagnetics, thus models in MHD are
PDE models. In this manuscript we consider one such model. The electromagnetics are modelled using Maxwell’s
equations while the motion is modelled using conservation principles, namely conservation of momentum and mass.
These two are coupled since momentum is influenced by the Lorentz force, simultaneously the fluid velocity influences
the electric and magnetic fields which in turn generate the Lorentz force. The details of the model, its derivation and
properties are well-understood, readers interested are referred to [17,31].

The topic of this manuscript is in developing a novel discretization for the aforementioned model. We follow the
framework of the Virtual Element Method (VEM). This method came about as a re-framing of the older Mimetic
Finite Difference Method (MFD), see [13]. The guiding philosophy of the MFD method relies on coming up with
a discrete mimicry of vector and tensor calculus. It is within this discrete version that the differential system can be
posed. Thus, MFD discretizations closely resemble the continuous system. Often times this implies that important
properties of model have their discrete counterpart. A second advantage involves the mesh. The MFD method was
developed with care to guarantee that implementations can be done in a large variety of meshes allowing the cells to
have general geometries. The VEM inherits both of these properties while preserving a presentation that is similar
to that of the classic Finite Element Method (FEM), thus results and techniques from FEM can be imported over
to VEM. These features imply that VEM has important advantages over more classical discretization methods. The
generality of on the mesh makes VEM highly versatile. In problems where the boundary deforms in time, as is the
case with gases, or in problems where there are oddly shaped material interfaces it is of the utmost importance that
the mesh fit these characteristics. There is also the case of adaptive mesh refinement (AMR). In order to make the
best of computation resources a commonly used technique involves refining the mesh in the parts of the computational



domain where greater accuracy is required while the rest of the domain remains relatively coarse. The process of
refining the mesh in this way often times yields meshes with irregular structures requiring that the discretization
method be capable of handling these traits. We also note that the numerical dispersion can be greatly reduced on
select polygonal meshes, see [18,23]. In these works, the Finite Difference Time Domain (FDTD) method by Yee was
applied to a grid of hexagonal prisms and yields much less numerical dispersion and anisotropy than on the grids that
are usually considered in the formulation of Yee’s method, i.e., regular hexahedral cells. One final advantage that we
stress involves the divergence of the magnetic field. As is stated in one of Maxwell’s equations, the magnetic field
should remain diverge-free. This condition is not an additional equation since it results as a consequence of Faraday’s
Law. However, care needs to be taken when discretizing the system to make sure that the condition is also preserved at
the discrete level, violating this condition will yield fictitious forces that will render simulations unfaithful to the true
physics, see [7]. Because we closely resemble the continuous system and such a system satisfies the condition on the
divergence of the magnetic field it is the case that a VEM for MHD will provide with solenoidal approximations to
the magnetic field automatically. This is a fact that is proven theoretically in Corollary 6.2 and verified numerically in
Section 7.1.

The present work builds on [32] where we develop a VEM for the subsystem involving the electromagnetics exclu-
sively. Here, we extend to a VEM that simulates both the electromagnetics and fluid flow. We borrow the definition of
the virtual elements from [4,35]. In the VEM framework when restricted to each cell the functions in the modelling
spaces come about as solutions to a system of local differential equations. In principle, one could use a different nu-
merical method to approximate these functions. This would be highly inefficient, the name of the game in VEM is
to come up with approximations using only the degrees of freedom. Thus, avoiding having to compute the functions
pointwise. To do this the literature introduces a series of projectors onto polynomial spaces, the most important of
which is the L%—orthogonal projector. Unfortunately, this projector is not computable in the spaces used to model
the electric field. The general strategy involves an enhancement process, see [1]. This approach has been proven to
be useful in problems involving Maxwell’s equations, see [11, 12]. However, in our case this enhancement invali-
dates a De-Rham diagram which turns out to be very important in order for our approximation to the magnetic field
to be solenoidal. Here, as in [32], we propose a novel strategy that involves using oblique projectors and avoids the
enhancement process altogether.

Moreover, the continuous model involves several non-linearities we also propose a Jacobian-Free Newton-Krylov
Method. This approach is very similar to more classic Newton method, the main difference lies in the fact that the
Jacobian is approximated using a Newton quotient. By avoiding the computation of the Jacobian we save on computa-
tional resources while preserving the quadratic convergence that the classical Newton method yields. This method has
been widely studied, see [24] for general exposition and theory and [9] for an application specifically in MHD. Here
we also present a proof that each of the linear solves is well-posed. This is done by taking advantage of the saddle-point
nature of the problem and is an application of the more general BBL theory. The well-posedness guarantees a degree
of stability in our computations but more importantly serves as a basis to come up with efficient preconditioners. The
development of such preconditioners is outside the scope of this manuscript and would be an application of the theory
presented in [28]. This theory has been successfully applied to MHD systems for a different linearization strategy,
see [29]. We also note that other physics-based preconditioners have been developed, see [9, 10].

This manuscript is structured as follows: first, in Section 2 we introduce some important notation. Next, in Section 3
we present both the continuous and discrete models. Although, the modelling spaces are introduced in this section,
their formal definition is a topic for Section 4, in this section we also propose the aforemention oblique projector. Our
method satisfies a series of important energy estimates that provide evidence as to the stability of the method, these are
presented in Section 5. Then, in Section 6, we present the details of the linearization strategy along with a proof that
the approximate magnetic field is divergence free and of well-posedness of the linear solve. In Section 7 we present a
series of numerical experiments that we wish to perform, they include a convergence test, a model of the well-known
cavity problem and a model for magnetic reconnection. Finally, in Section 8 we summarize the findings and expose
further work.

2. Notation

This section is dedicated to describing the notation we will use in throughout this article. We consider 2 C IR? be
an open domain with polygonal boundary. At the discrete level we will define €2, to be a mesh of {2 with mesh-size
h > 0. Analysis and development of any finite element method will require a series of functional spaces. We will
formally define them below over an open set w C €.



lv|? < oo}, (1a)

/
Lj(w) = {v e L*(w): /w” =0}, (1b)

H'\(w) = {ve L*w): Vv e [L2w)]"}, (10)
Hy(w) == {v € H'(w) : vj9, = 0}, (1d)
H(rot;w) := {v € L*(w) : rotw € [L*(w)]* } (le)
Ho(rot;w) := {v € H(rot;w) : v5, = 0}, (1f)
H(div;w) := {v € [L*(w)]? : divv € L*(w)} (1g)
L®(w) :=={w:w—R:3C > 0;|w| < C almost everywhere} (1h)

where rot v = (9v/dy, —Ov/dx)T. We note that throughout this paper we use the symbol A to denote both the scalar
and vector Laplacian. Finally, the space H ! (w) to be the topological dual of H}(f2), i.e., the space of all continuous
linear functionals of H~!(w). We note that we use the letter C' to denote a positive constants whose value may change
from instance to instance. This constant will always be independent of the mesh characteristics and time step.

3. The 2-D MHD Formulation

In this article we consider the resistive MHD system, over the domain {2, as defined below.

0
Conservation of Momentum : au — RglAu —JxB+Vp=f, (2a)
Faraday’s Law : %B +rot £ =0, (2b)
Ohm’sLaw: F+ux B=.J (2¢)
Ampere’s Law : J — R;nlrotB =0, (2d)
Gauss’s Law : div B = 0, (2e)
Conservation of Mass : divu = 0. (2f)

where the source function f € H~1(Q), the constants R, and R,, are the viscous and magnetic Reynolds numbers.
This system is closed by considering the Dirichlet boundary data and initial conditions

U((L’,y,O) = UO(:Evy)a B(l’,y,O) = B()("E,y) in Qa (33)
U = Up, E= Eb on Of). (3b)

Where we must assume the compatibility condition

/ up - nds = 0. 4
o0

We note that, in the equation describing conservation of momentum, we have dropped a convective term of the form
(u - V)u. This is done for the sake of simplicity. This term is quadratic in the velocity field which makes it negligible
with respect to the rest when the flow is slow.

The first step in coming up with a compatible discretization is to consider the variational formulation for the sys-
tem (2). Such a formulation is

Find (u, B, B,p) € C* ([0,T], [H(2)]”) x C* ([0, T}, H(div; 2)) x C (0, T}, Ho(rot; 2)) x C (0, T), L3(%2))
such that for any (v,C, D, q) € [H(%(Q)]2 x H(div; Q) x Ho(rot; ) x L3(R) it holds



(%u,v) +R;1(VU,W) _ (J x B,v) _ (p, divv) _ (f,v), (52)
(divu,q -0, (5b)
(%B,C) + (rot B,C) =0, (5¢0)
(J, D) ~ R (B, rot D) —0, (5d)
J=E+uxB, u(0)=ug, B(,0)=BywitdvB,=0. (5¢)

As is the case in any conforming Galerkin method, we will consider a set of subspaces of [ H*(€2)] ? , H(div; ), Hy(rot; 2)
and L3(€2) which we denote as TV}, Ex, Vi, and Py, o respectively. These spaces depend on the mesh €, and their
precise definition of these spaces is the topic of section 4. Viewing the system (2b) as a coupling between the fluid
flow and electromagnetics these spaces can be seen as belonging to one of two classes . The spaces that relate to the
fluid flow are 7V}, and Py, they must be carefully selected to guarantee the so-call LLB condition. In One hand, this
condition will imply that approximations of the pressure are necessarily of lower order than those of the velocity field.

On the other hand, violating this condition is a clear guarantee that the numerical method is unstable. The electromag-
netics are approximated using V', and &,. They have to be carefully designed to form a commuting De-Rham diagram.
This is done to guarantee that, at the discrete level, the magnetic field remains solenoidal or divergence-free. This is
critical in if we are interested in realistically modelling physical phenomena.

The discrete form of the variational formulation (5) is
N-1

n=0

Find {(u}, B;;)}szo CTVh xEpand {(ng’pzw))}
TV}L,O X Ep X Vh,O X 'Ph70 it holds:

n+1 n
u —u
h h -1 n+0
— 2 'uh) + R [u 'uh}
( At v, T L

C Vi X Ph,o such that for all (vy,, C,, Dy, qp) €

T (J;}*" IV (v, % HRTB,’;”))

TV Vhl
()
_ . n-+0 —
(le Uh, Py, )ph (fh?vh)tha (63.)
(dive™.a) =0, (6b)
Ph
Byt - By
t En+0 ) —
( AL 7Ch)£h + (I‘O w2 Ch . 0, (6¢)
(e, Dp)y, — R N(B;t rot Dy) e, =0, (6d)
upt = (1 - 0)u} +0up™, B’ =(1-60)Bp + 6B, (6e)
J;L’L-i-e — E;:—O—@ +Ivh (UZ'F@ X HRTBZJ'_Q), (6f)
u) = IV (ug), B =T (By) with div By = 0. (62)
The term labeled (1) in (6a) comes about from the approximation:

_ — ~ V}L

(J x B,v) (J,v x B) (Jh,I (vp % Bh))vh 7

The reason we go through this trouble will become clear in section 5 when we come up with stability energy estimates.
4. The Virtual Elements

In this section we discuss the virtual element methods that we use in the discretization (6). To this end, we first
introduce a family of mesh partitions of the computational domain €, here denoted by {2 },. Each mesh Q, is a
collection of nonoverlapping, closed polygonal cells P with boundary P, area |P|, and diameter hp, such that Q =
UpP, and is labelled by the mesh size parameter ~ = maxp hp. We denote each edge of OP by € and its length by
le] = he.

The mesh size parameter is assumed to be in the countable set of mesh sizes H C (0, +00) that ahs 0 as its unique
accumulation point.




According to the “usual” VEM formulation [Add citations], the family of meshes must be regular in the sense that
the two following conditions hold for some non-negative real number p independent of h:

(M1) (star-shapedness): every polygonal cell P of every mesh €y, is star-shaped with respect to a disk of radius php;
(M2) (uniform scaling): every edge e € 9P of cell P € Qy, satisfies he > php.

These assumptions on the mesh regularity are not quite restrictive and allows us to use polygonal elements with
very general geometric shapes, as for example nonconvex elements or elements with hanging nodes. It is worth noting
that the hypotheses above can even be further relaxed as proposed, for example, in [?].

Some important implications of (M1)-(M2) are:

(1) every polygonal element is simply connected;

(#4) the number of edges of each polygonal cell in the mesh family {2, }1, is uniformly bounded,;
(7i1) a polygonal element cannot have arbitrarily small edges with respect to its diameter hp < h for h — 0.
and inequality h3 < C(p)|P|h3 holds, with the obvious dependence of constant C'(p) on the mesh regularity factor
p. It is worth mentioning that virtual element methods on polygonal or polyhedral meshes possibly containing “small
edges” in 2D or “small faces” in 3D have been considered in Ref. [8] for the numerical approximation of the Poisson
problem, which extends the results of work in Ref. [2].

We split the rest of the section in two subsection. In the first subsection, we discuss the virtual element spaces 7V,
and Py, o for the fluid part of the variational form of the MHD model (6), i.e., equations (6a), (6b), and (??). In the
second subsection, we discuss the virtual element spaces V), and &}, for the electromagnetic part of the variational form
of the MHD model (6), i.e., equations (6¢), (6d), and (?7?).

4.1. Fluid flow

The virtual element space used in the discretization of the Navier-Stokes part of the equations was oiginally pro-
posed in [15, 35]. Here, we consider the “enhanced” formulation introduced in [14], which allows us to compute
the L2 orthogonal projection onto the polynomial subspace of the virtual element space Such operator is used in the
construction of the approximate mass matrices.

4.1.1. Vertex Space
Let P be a mesh element and consider the finite dimensional space defined on 0P as:

B (0P) := {v € C°(OP) : vje € P2(e) Ve € OP}. (8)
The local virtual element space for the fluid velocities is defined on P as
V'(P) := {vh € [Hl(P)]2 : vpep € (B (8P))* ,divwy, € Po(P), —Awy, — Vs = 0 for some s € L(Q)(P)}. )
The following degrees of freedom are unisolvent for the vector-valued fields v;, € V"*(P):

— (D1 ): pointwise evaluations of v, at the vertices of P;
— (Dy): pointwise evaluations at v}, at the midpoint of the edges of OP.

According to the enhancement strategy in [14], we modify the definition of the space Vh(P) as follows. First, we
introduce the spaces:

G2 (P) == VPy(P), G5 (P):={g* € [Po(P)*:¥g € G:(P) (g*.9) =0}, (10)

and
U"(P) = {vh € [H'(P)]” : wnpop € [B(9P)*,divoy, € Py(P), —Av, — Vs = g* (11)
for some s € LZ(P) and g* € G5 (P) } (12)

Then, we define the elliptic projection operator I1Y : U"(P) — [P2(P)] ? that associates every vector-valued field vy,
in U" with Hg'uh, which is the solution of the variational problem:



/ VIIY vy, - VqdV = / Vo, -VqdV Vqé€e [IPQ(P):I2 (13a)
P P

S TFvA(v) =D wva(v), (13b)

where the sum above is taken over the vertices of P and the midpoints of every edge in P. The projector HFY can be
computed using only the degrees of freedom (Dvq)-(Dvz) (the details can be found in [14]). Then, we introduce the
polynomial vector space

Gy (P)/R? := {(91792)T €Gy(P): /g,;dV =0 = 1,2}, (14)
P
and we define the virtual element space TV, (P) as the subspace of U" such that:
TVW(P) := {vh c U"(P) : Vgt € G& (P) /R? (vh - Hgvh,gi) - o}. (15)

The unisolvency of the the degrees of freedom (Dvy)-(Dvg) in TV, (P) is proved in [35]. On this virtual element
space we define the L2-orthogonal projection I1° : TV, (P) — [Po(P)]?, which associates every vector-valued field

vy, € U" with T, € [P2(P)] ?_ which is the solution of the variational problem:

/H%h~qdv=/vh-qu vq € [P2(P)]”.
P P

The polynomial projection IT1%vy, is computable using only the degrees of freedom (Dvy)-(Dvz) of vy, (see, again,
Ref. [35]).
Using the orthogonal projection I1°, we define the inner product and the semi-inner product on 7V (P) by

Yuy, v, € TVh(P) :
(’LLh, ’Uh)th(P) = (Houh, Hovh) + S;Vh ((I — HO’u,h, (I — HO)Uh) R

[un, vn] 1y, ) = (VI wp, VI vp) + T (V1= 1§ Jup, V(I ~ 11§ v)

where I is the identity matrix and S,Z— Vi and 7;th can be any bilinear form that satisfies the following conditions:

3 5., 5* >0 suchthat Yoy, € TV, (P) Nkerl° : s.]|vy |2 <SPV (vn, vn) < s*[lonl2 g
A7)
3 £y, t* > 0 such that Yo, € TV, (P) Nkerlly : L. [[Von|§ o < TV (Yo, Vo) < t*|Von[§ -

Different choices of S,Z_ Vi and 7;7—\}" are possible and examples can be found in [16,30]. The definitions in (16) pro-
vide symmetric bilinear forms that satisfy two fundamental properties: the polynomial consistency and the stability.
These two properties are settled in the following lemma.
Lemma 4.1 Let (~7 ) and [-, ]
two properties hold:

— polynomial consistency: for every vy, € TV (P) and vectr polynomial q € P4 (P) it holds that:

be teh two inner and semi-inner products defined in (16). The following

TVr(P) TVr(P)

(Uhaq)th(P) = (vth)a [vh’q]TVh(P) = (VU}HVQ)- (13)

— stability: there exists two pairs of positive real constants (.., o) and (V«,v*), which ar independent of h, such
that for any vy, € TV}, (P) it holds that:

alonlde< (onon) | < allonl e (19
and
wlVoile < oo <ot lhole (20)
h
21
Proof.

(). The polynomial consistency is an immediate consequence of the definitions in (16) and the fact that ng =q
and [13q = qu for every vector polynomial g € P2(P). Indeed, we first note that S,Z_V’L (vp,q) = 7;7—\)" (vn,q) =0.
Then, from the definition of II3 and ITY, we then see that for every vector polynomial g € P (P) it holds that



(HO,U}“HOq) = (HO'U/uq) = (’Uhaq)7

(VII§ vy, VIIY q) = (VII§ vy, Vq) = (Voy, Va).

(22)

(4). Since the proof of (20) follows from the same argument, we restrict the proof to the first inequality First, we note
that

2
[oallg.p = (IM°allop + I — Mvnllop)” <

2 (100 13 p + 11 = w43 p) < () ™" (w00

TVr(P)
where o, = (max{s*,2})~. To attain the upper bound of (20) we use
vp, vV < TP, |12 p + s*||(1 — H) vy |2
(100) 1, o) < M0l + 50T = T)wil e
< [ fon 1§ p + ¥ = I°|*[wn|[§ p
< a*[|lonll3 p,
where o* = max{||TI°||2, s*||I — T1°||?}. O
Finally, we define the global virtual element spaces:
TV, = {'vh e [H'(Q)]* WP e, wupe th(P)} and TV, =TV,N [H ()], (23)
and extend the local bilinear forms in (16) to 7V}, as follows:
vuhavh € th : (uh;vh)th = Z (uhv'vh)TV}L(p)v
PeQy,
[un o]y, = D [unvn] 1y, ) (24)
PeQy,
These forms induce the two norms and the seminorm on 7V}, given by
2
|||vh|||2th = (”h’”h)th’ ‘”h"rvh = [”ha"’h}ﬁ/h’ (252)
2
lonll? -, = Monll,, + o2y, (25b)
and the norm in the topological dual space of 7V}, o denoted by 7V AO:
(fh7 'Uh)
|||fh|||—1,7‘vh = Sup T Vin € TV}/L,O' (26)

v, €T V0 |vh|7—vh
These forms will inherit the local stability property as summarized in the following theorem.
Theorem 4.2 The norms and semi-norm in (25) are equivalent to the [L?(Q)]? and [H 1(9)]2 inner products and

semi-inner product respectively. In other words, there exists B, 3* > 0 independent of the mesh characteristics such
that for any vy, € TV}, it holds

Bellonlg.o < llvnlllry, < B*lvnllgq. (27a)
BullVonl§ o < llvnllzy < B*IVonllf (27b)
Bellvnla < vl . < B*llvnll3 o (27¢)

Proof. The three equivalences are a consequence of Lemma 4.1 and the fact the constants a., a*, v, and +* are
independent of h (and the mesh element), so we can simply take 3, = min(a.,y.) and 8* = min(a*,v*) to obtain
the inequalities in (27). O

In order to embed functions into the space 7'V}, we define the Fortin operator Z”V : [C>(P)]?> c [H(P)] 25
TV (P) for any cell P in the mesh €2, by requiring that Z7 V» (vh)lp and vy, |p share the same degrees of freedom.
Such an operator is well defined by the unisolvency condition on the space.



4.1.2. The cell space and the stability condition

For the local approximation of the pressure, we use the finite dimensional space of discontinuous constant functions
defined on the elements P € ), with zero average on 2. Formally, we consider, as in the electromagnetics section,
the elemental space:

Pr(P) =Po(P) VP € Oy, (28)

and each piecewise constant function defined on a mesh 2y, is uniquely identified by the set of costant values associated
with the mesh elements. Correspondigly, we define the interpolation operator Z7» : L2(P) — P (P) as

1
Vge L3(P): ZIPr(q) = —/q. (29)
P Jp
The global space reads as
Pho = {qh € L*(Q) : qnpp € Pn(P) VP € €, and / qn =0, } =P, N LE(Q). (30)
Q
Equipped with the inner product
Van,pn € Pro s (an.pn)p, = (ann) = Y IPl(anpn)p G
PeQy,

The spaces 7V, and Py, o are selected to satisty the inf-sup condition. This is proven in proposition 4.3 of [14].
Theorem 4.3 There exists a projector Iy, : [H& (Q)] . T Vo that satisfies

divllyv =dive and ||Ixv]l], 1, < Cxllv|1,0. (32)

for every vector-valued field v € [H s (Q)] ? and a real constant Cr > Othat is independent of the mesh characteristics.
stable inf-sup pair and satisfy the relation:

div Vh, qh
inf sup ( : )Ph' > 0. (33)
qheph‘)vh€7Whho|th‘HLth|HQh‘HPh

4.2. Electromagnetics

In this section, we briefly describe the finite element spaces that we considered in [32] for the discretization of
the electromagnetics of the MHD model. These spaces were originally proposed in the literature of virtual element
methods in [4].

4.3. Vertex Space

The nodal space is given by
Vi(P) = {Dh € H(rot;P) : AD), = 0in P, Djo € Py(e) Ve € aP} (34)

The virtual element functions in the nodal space are uniquely determined by their values at the elemental vertices,
which we can take as the degrees of freedom. In the VEM we would ideally use the L? orthogonal projection of the
nodal virtual element functions onto the space of linear polynomials to construct the mass matrices that represent the
inner products in the MHD variational formulation in [?]. Unfortunately, the L? orthogonal projection is not directly
computable from the degrees of freedon in V,(P). Instead, we use a suitable reconstruction operator, which is denoted
by H,‘;h : Vi (P) — Py (P) and required to satisfy the following set of criteria:

(V1) (computability) for any Dy, € V;,(P), the projector H‘th is computable using only the degrees of freedom;
(V2) (PPy-invariance) for any polynomial p € IP;(P), we have that H‘th' p=p;
(V3) (stability) there exists a real constant C' > 0 independent of the mesh characteristics such that

IIp" Dyllo.a < ClDulloe ¥Dn € Vi(P). 35)

In the next section we propose three specific examples of such a projector. We can leverage H;,}’L to define the local
inner product as

VEn, Dy € Vi(P):  (Bn, Dh)y, (py = (1" By, IIg" Dy) + 8 (1 — g" ) By, (1 = II5") Dy).  (36)



Here, the bilinear form S must satisfy the stability condition:
|| Dall3 o < SY"(Di, Dy) < v*||Dillfq VYD € Vi(P) NkerlIy" : (37)

for some pair of real positive constants v,,v* > 0, which are independent of h. Having defined the necessary local
operations at the elemental level, we can extend the above mathematical entities to the full mesh. The global vertex
space is defined as

V) = {Dh € H'(Q) : Dyyp € Vi(P) VPth}. (38)
The inner product in this space is given by summing all local contributions:
(En: Dn)y, = > (EnsDn)y,, oy VDo En € Vi (39)
PeQy,

This inner product was first constructed in [32], where we proved its consistency with respect to linear polynomials
and stability. This proof is similar to that of Lemma ??. For the sake of completeness we present the result below.

Lemma 4.4 For any two polynomials p, q € Py it follows that
(p.q)y, = (p.9)- (40)

Moreover, there exist two positive constants 7. and ~*, which are independent of h (and At), but may depend on the
mesh regularity parameter p and the bounds on o, such that

¥ l1Dull5 p < (Dns Di)y, gy < 71D p (41)
for every mesh element P.

Finally, we define a global interpolation operator ¥ : C°°(2) — V), in such a way that the D and ZY» D share
the same degrees of freedom. This function is well defined by the unisolvency of such degrees of freedon in the finite
element space V.

. . %
4.3.1. Construction of the projector 115"

We propose three alternatives for the projector th. These projectors were proven to satisfy the conditions (V1)-
(V3), see the appendix in [32].

I. Elliptic Projection Operator(EP). This projector Iy : V;,(P) — P1(f2) is given as the solution to
Vg e P1() : / VIIYE, -Vq = / VE),-Vq inP, (42a)
P P

> (UF En(v) — En(v)) =0. (42b)

\

The sum above is taken over the vertices of v. To compute this projector note that

/VEh -Vqg= / qVEy, -tdl — / AFELq 43)
P ecoP P

the function V E}, - t is computable over the edges since E}, is a first degree polynomial over each edge giving a
means of computing the boundary integral. The area integral vanishes since by construction AE}, = 0.

II. Least Squares reconstruction operator(LS). An alternative to the elliptic projection operator and a second
oblique projection is provided by the polynomial reconstruction II5%v;, € P1(P) for v, € TV;(P). This
operator interpolates in the Least Squares sense the value of v;, at the elemental vertices:

55wy (2y, w) = vnlzy, yy) WV € OP. (44)

The points (zy, yy) are the coordinate vectors of the vertices of the cell P. It is worth noting that on a triangular
element this operator returns the standard linear interpolation.

III. Galerkin Interpolator(GI)

The third reconstruction operator, denoted by TI5", is the piecewise linear Galerkin interpolation on a patch
of triangular subcells of element P. This construction is as follows. Our mesh assumptions implies that P is
star-shaped with respect to some internal point xp#*, whose position vector is, thus, a convex combination of the
vertices of P:



xp = Z Wp vy, with 0 <wpy <1 and Z wpy = 1.
veop veoP

Using these weights, we can approximate the value of D, € V,,(P) at =

Dy(zp) = Dy, = Z wpvDn(xy).
veoP

We connect x5 with each of the vertices in P to create a triangular partition of P. Thus, for any node in {v}U{v*}
we can define ¢y such that ¢y is continuous and a linear polynomial over each triangle. Moreover, the evaluation
of ¢, at xy is one and zero for the rest of the vertices. Finally, the projector is

Vo e P: o IRDy(@) = Didv (@) + Y Dal@y)ov(@),
vedP

4.4. The edge space and the de Rham commuting diagram

The local edge space is given by
En(P) := {ch € H(div;P) N H(rot; P) : Cj,-nje € Py(e) Ve € OP,

divC}, € Py(P)and rotCp, =0 in P}. (45)

The degrees of freedom in this space are the normal fluxes across the elemental edges, i.e. the quantities
/ Cy, - ndl (46)
e

for C}, € £,(P). In this space we define two different orthogonal projections that are computable from the degrees of
freedom. The first one is the projection operator th : En(P) = [Po(P)] ? and is such that Hg" C), is the solution in
[Po(P)] ? of the variational problem:

/Pnshch-qz /Pch~q vg € [Po(P)]*. (7)

The computability of this operator is proved in [5]. The second one is the projection operator II57 : £, (P) — RTy(P),
where RTy(P) is the space of vector-valued functions of the form g(z) = a + cx with a € R? and ¢ € R. This
operator is such that IIE” C}, is the solution in RTo(P), of the variational problem:

/ MEC, - q = / Ch-q VqeRTy(P). 48)
P Jp

To compute this operator using the degrees of freedom we write a function ¢ € RT(P) as ¢ = Vp, i.e., as the gradient
the quadratic polynomial field p(x) = a - & + b/2(x? + y?). Then, an integration by parts yields:

/ C,-Vp= / pCh - ndl — /pdiv Ch. (49)
P oP P

The normal components C, - 1 are the edge degrees of freedom of C,. Using such degrees of freedom, we also
compute the quantity div C},, which is constant in each element, through the divergence theorem:

1
div Oy = 57 > [ Cy-madt. (50)

ecoP”®

We use the projector IT”*7 to approximate the current density as evidenced in (6f) and II1¢» to define the inner
product in &, (P) in accordance with the following definition:

(Bn,Ch)g, p) = (1% By, T+ Cy,) + S5 (1= ") By, 1 - T*)C) VB, Ch € Ex(P). (51

In the definition above, the bilinear form S¢» satisfies the stability constraint:
Hw*,w* > OVCh € Vh(P) ﬂker(th) : w*”ChHaQ < 85}1 (Ch,Ch) < w*HCh”g,Qv (52)
for some pair of real constants w., w* > 0 that are independent of %. Dur to this property, it is immediate to verify that

the inner product (~, ) n(P) is characterized by the constant polynomial consistency and the stability properties. In
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fact, it holds that

— (linear polynomial consistency): for every virtual element vector field By, € £, (P) it holds that:

(Br:a)e,py = (Bra) Vg €Po(P); (53)

— (stability): a pair of real positive constants J, and §* exists such that

5. |IChll5p < S5 (Ch, Ch) < 5*||Chllg - VCh € En(P). (54)

Having reviewed the local approximation spaces and relevant operators, the next step is to define their global coun-
terparts. The space &, is

&L = {Ch € H(diV;Q) : Ch|p S 5h(P) VP e Qh}, (55)
and is endowed with the inner product
(Bh,Ch)gh = Z (BhaCh)gh(p) VBy, Ch, € Ep. (56)
PeQy,

We can also extend the projector I17*7 by pasting together the local projectors H,?T:
(THCy) p = TET (Chp). VO € EVP € Q. (57)

Similarly to 7V} and V}, the unisolvency of the edge degrees of freedom in the finite element space &£, makes it
possible to define a computable Fortin operator Z¢% : H (div; Q) — &p,.

A major property of the spaces V},, &, and Py, (this latter being defined in Section 4.1.2) is that these space and the
corresponding interpolation operators ZY», Z¢» and Z”» satisfy the de Rham commuting diagram as summarized in
Theorem 4.5 below.

Theorem 4.5 The de Rham diagram

H(rot; Q) —2% H(div;Q) —2 12(Q)

JVIV;L lth ljﬂ’h

rot di
Vi — En =5 P,

is commutative and the chain

Vh rot 5h div ,Ph
is short and exact.
The proof of this theorem can be found in [4, 32].

restart from here

5. Energy Estimates

The conforming nature of VEM allows us to mimic many properties that are present in the continuous scenario.
One of the more important is preserving certain types of energy estimates. These usually come about after testing the
variational formulation against the exact solution and an application of Gronwall’s Lemma. In this section we present
an estimate of this type true for the continuous system (2) and its discrete counterpart (6). We begin by posing the
decomposition R

u=u+u, FE=FE+E, (58)

where u € [Hj ()] *and E € H o(rot; ). The extension to the boundary condition on the velocity field is picked to
satisfy
divup, =0in Q, wup(x) = 0if d(x, 0N) > e (59)

For h > € > 0. We can do this by defining the domain Q. = {z € Q : d(x, dQ) < €} and picking such an extension
as the solution to
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— Auy + Vs =0in ), (60a)

divaiy, = 0in Q, (60b)
Uy = uyp on O0f), (60¢)
u, =00n9(2\ Q). (60d)

which is well-posed by the discussion in [6]. Finally we define
J=E+uxB, J,=F,+u xB. 61)

We do this in order to reveal the boundary information. The following theorem gives the continuous energy estimate.
Similar estimates are reported in [22,26,27].
Theorem 5.1 Let (u, B, E, p) solve the variational formulation (5) in the time interval [0, T then

sail®lon 55 g1 Blloq + B IValoq + 17]l0.0 =

- (fa) - (%ub,ﬂ) - R;l(Vub,va) ~ R (rot Eb,B) - (J,,,f). (62)

And, as a consequence it must be true that

=T R e~ T T et R et
SO0+ s B+ [ (551780 + G 171 de <

2 e T 2
= TH Olo.0 + 37 1BOlog
# [ (R Gl RVl ot Bl G A ) 63
0 1,Q 2 dt OQ OQ 2R, O,Q 0,9

Proof. Taking the test function (v, C, D, q) = (u, B, E, p) in the variational formulation (5) yields

HUHOQ + RV, + (f,a x B) _ (diva,p) _

2 dt
— (fﬁ) (gtub, ) — R;l(Vub,va) _ (Jb,a x B), (64a)
(diva, p) =0, (64b)
%m%” oo + Rt (rot E, B) = R (rot Eb,B)7 (64¢)
(f, E) ~ R (B rot E) (Jb,ﬁ). (64d)

In the above we used the identities
(JxB,a) :—(J,axB), divuy = 0. (65)

Adding the equations in (64) we arrive at (62). To obtain (63) we use

0 - d1 2 2
(&“ba )| < Tialuwlloq +5lal e (66a)
1, 2
(Vub,Vu>‘ < [[Vuslly o + 1Vl o (66b)
(£.8)| < If1-10l Vanlon < RSP 10+ 7 V@B (660)
1 1
(rot £, )‘ slrot Billg o + 5 11Bllg (66d)
(50:7)] < S5l + 51712 0 (660)
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which combined with (62) yields
d (1, .. 1 1, - 1 1 N 1, ~
& (GIaka+ B0 0) - (G107 1Bln) + g IValeq + 5170 <

1d 2 _ 2 1 2 1 2
<RSI o+ 5[l + B [Tl g livot B+ 510 e 67
Multiply by e~ to get

d, _ 1, 2 1 2 et 112 et o2

7 (31l + s IB3a) + 57 19800+ S 10 <

—t —t —t

< RIS+ Gl + e B Vg ot B+ Gl @)

integration over the time domain [0, 7] will yield estimate (63). |
Next, we decompose

VO<n<N—1: E&F0=E 7% (Ert0), wltt =it 4 27Ve (upth). (69)

where (EZ+0> ﬁzw) € V0 X T V0 and Ey, uy, are picked such that its evaluations in 2\ €, are identically zero. The
condition on the boundary data is required to guarantee that the their degrees of freedom all lie along the boundary.
Next, we define

Vi<n<N: Jp0=Ept0 2V (apt < 1T B,
J}TLL’-;)-O _ IV}L (E;L"re) + IVh (ug-‘re % HRTB;LLJ'_O). (70)
The next result is a discrete mimicry of Theorem 5.1.

Theorem 5.2 Let {(u}}, B})}\_ C TV;, x & and {(E}*,pi*?)}
Then, it holds that

N-1

n=0

C Vi X Pp o solve the formulation (6).

(L1) + (L2) = (R), an
where
gt —ap)2 1B+t = B2
L1) =At(0-1/2 Vh Ch
(L1) = A6 - 1/2) < At T A®R, -
N ey e, — Mgz, BRIz — IIBRZ, )
2A¢t 2AtR,, ’
—1|=n 2 ™ . n n
(L2) = Ry ™[, + I3, + (dszT"hub+"7ph+9)P , (73)
) h
ITthTL+1 _ITthn
R) — ( ’/\n—i-@) _ ( b b ’An+9) _R-! {Ith nto. An+9:| _
R) = (Fn 8 TVn At U )y, T e Yoo Uy,

— (g T ) = Ry (rot T ES BIY) L (74)

V}L £ h

In the case that 0 € [1/2,1] then we can conclude that for any € > 0 we have

TV

N
~ _ —1|~n+0|2 Tn+0 0
o™ (a2, + R BN IZ ) + > vam (B a5y, + T2, = 26llipp 2, ) At <
n=0

< (I (o)1, + B IZ™ B2, ) +

2
I,

N
+3 0 (Rl -y, + AT ()

n=0

2
I,

. 2
+R6_1‘Ivhug+‘9|2ﬂ)h+% </asz |ITV’LuZ+9 -n ds) +

- 0 146
+ R lrot 2 B+ 15503, )AL (75)

where 3* > 0 is given in Theorem 4.2 and
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0 1

A )
In the case that walls of the domain are non-penetrating, meaning uy, - n = 0 along 0%, then we obtain our final
energy stability estimate

(76)

N
_ n+60 Tn+0
o (N2, + B IBYIE ) + S v (R a5, + T2, ) <
n=0
< (IZ7" @o)lI2,, + R IZ (B, ) +

N
S an RAFE, ., + AT — w2, + R T
n=0

+9|
b 1TV
+ Ry ot BP0+ (17350115, )AL (77)

Proof. Testing the formulation (6) against (vy,, C,, Dy, q) = ()%, Bp™, E,’f*e,pzw) we obtain

upt —ap +0 1| =n+0 Fn+o TV +0 +0
=~n n n (ST n
( NI )TV + R | ’th + (Jh L7 (@ x By, )>vh_
ITV;LU/’WH‘ZL _ ITthn
di ~n+0 n+9) ( /\71+9) o ( b b ’\7l+9) o 78
< IV’U, 7ph fh7 TV, At 7uh Vi ( a)
_ R—l |:ITVh u’n+97 an+(91| (J"+9,IV’1 ~n+6 HRTBTL+9 ) )
e b he oy, h,b (w h) .
(dlvu ,qh) - —(divITthZH,qh)Ph, (78b)
-1 B;LH_l B;LL n+0 -1 ~n+0 n+0 Vv n-+6 n+0
RN (Z = Brt?) R (ot Bt BRY) = R (rot TV ESY BT L (780)
At En En En
(T2 Bi) = R (Bt vot Bt?) = (D YY) (78d)
h h h
Next, note that
Bt _—pBr Bt Br
Bn+9 — At 6 _ 1 2 h h h h 79
h O-1/2)=bF—"+ 5" (79)
immediately gives that
<B,’;+1 - B, B”+9) _ At(o—1/2) B, =Bz, 1By, — NIBRE, (50)
At 0T e At? 2At
An analogous argument will yield
apt! up " —ap? ay e, — llagll?
BB o) I
- =At(0—1/2 81
( At U gy, ( /2) INZ 2At 81

We can use the identities (80) and (81) to transform the left hand side of (78a) and (78c) then adding the resulting
equations with (78b) and (78d) will yield (71). To verify the estimate in (75) note that 6 € [1/2, 1] guarantees
12112

- 2, IR, BRI,
- 2At 2At
Next we apply the following estimates to the terms in (R),

(82)
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ITthn+1 _ITth /\'n, 0 n N0
S ) s T = e, R, 63
TV gt An+9 Vi o n+0 |2 L) nto)2
[z }m’gz A A (83b)
<R 2 L a2 83
(fh»uh)th < Re[llfalllZ, -, "’R‘uh’ﬂ;h’ (83c)
1 : n n
(dleT"th” "*")p < AV IR S el (83d)
h v
1 1
~(rot TV By, B < ot 7 B, + B (83¢)
En 2 h 2 h
1 1, -
n+60 Tn+0 n+6 n+6
(Tt T0) < IR, + TR, (83)
B N2 < 6lBRIIE + 1 —o)lIBy 2 (83g)
~n-+0 =n ~n
Mg oz, < ollfagliz, +—ollar+2, . (83h)
To estimate (L2) use
1
: n+0 _n+6 : n+6 n+6
(v ppt?) < v g R el R, (84)
And, finally
H’divITV’ZuZ+0H = Z H|diVITV’Lu£L+6|HTV}(P) Z7Vrupt? = 0 away from 91,
Pr pean,
<\/B* Z ’divITthg+9| |P| divZ7Vru ™ is constant in every cell,
PeoQy,
B* Z ITthngeonds apply the divergence theorem (85)

Peoq, '/ PNoQ
<VE S [ Tl
Peoy, * PO

B*/ |ITV’Lug+0 n‘ ds
90

Where 0%, is defined as the set of elements that have an edge intersecting 92 and the constant §* is given by
Theorem 4.2.
The result of applying estimates (82)-(85) is

a A" Gy, By) — A™(Gn, By) = 7F" 0 (G, Jn, ph, wes Jp) At, (86)
where
- - L @B = RIBRNZ 87
“=179 7T i1 (dn, Bp) = |||u |||thJr m BRI, 87)
and
F O @y, Ty Dy iy, Jp) = (88)

1 n n 1 n+012 ﬁ* n+60 ?
= R€H|th|271,7’vh + EHIZTVh(ub—H ub)ms—‘}h + E‘Ithb—i_ ‘TVh, + E (/8Q ‘ITthb+ n’ds) +

1 2 g

n+6 ~n+0 n+6 n+6

- 2 IR, = g | oy, — T2, -+ 2eleg I,

When multiplying the inequalities (86) for 0 < n < N by an appropriate power of cvand adding them together yields
a telescoping sum, we illustrate this by writing the first 4 terms:
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forn = 0: aA (tn, By) —A@n, Br) < AF(Gn, Jn, ph, e, Jnp) At [multiply by 1],
forn = 1: o’ A2 (uy, By) —aAl(dy, By) < yaF't(auy, fh,ph, wp, Jpp) At [multiply by },
forn = 2: B A3 (uy, By) —a?A%(4y,, By,) < ya?F20(ay, Ths Phs Wb, Jnp)At  [multiply by o?],
forn = 3: a* At (ay, By) —a’ A% (4, By,) < ol F30 (4, T, Phs U, Jnp)At  [multiply by o],

The result of this sum is (75). Finally, if we assume that u; - n = 0 along 0€2;, then since the quadrature is exact for
constants

e mlds = [ mlas =0 )
80 o

This allows us to take ¢ — 0 in (75) to attain the final estability estimate (77). |

6. Linearization
6.1. A Newton-Krylov approach

This section takes inspiration from [9]. In this section we will mainly be concerned with the development of a solver
for (6) at a single point in time. For this reason the values of # > 0 and n will remain fixed and thus we will omit them
from the notation that we will introduce.

In practice, we will find arrays of degrees of freedom, to express this we will add a superscript /. This to say that,
for example, u] will refer to the array of degrees of freedom of wy,. To begin let us introduce the space

Xno={(vi,CL, D} al) - (v, ChyDhyan) € TVho X Ep X Vho X Pro} - (90)

We will equip this space with the ¢5 inner product. We do this mainly to conform to much of the literature on linear
and nonlinear methods. We seek to pose the formulation (6) in the space &},. To do this we first have to substitute (6¢)
with the equivalent expression
By, — B}

A O
and add it to (6a), (6b) and (6d). We define GG in such a way that G(x,) - y;, as the left hand side of the resulting
expression. In doing this we are implying that x,, y;, € &}, o with

~n+1,1 n+1,I n+60,I n+0,1 _ I I I I
Tp = (uh Bh Eh y Pp, )7 Yn = (vha Cth}UQh)' (92)

) )

OR, ( )e, T OB (rot By, Ch), =0 (91)

Thus, solving the variational formulation (6) is equivalent to solving
Find x), € X}, such that
G(zp) = 0. (93)
Indeed, testing (93) against y, = (vy, 0,0, 0) we retrieve (6a), the three remaining equations can be attained similarly.
This is the set up to apply a Jacobian-free Newton—Krylov method. This method is highly parallelizable and has optimal
speed of convergence.
The Newton method will have us, at every iteration, update the estimate for the zeroes of G in accordance to

af) = (ap’, By BRI pp O et = g g S, 0G (2 0z = ~Gla)),  (94)

where 0G : X}, o — L(X,0) is the Jacobian of G, the space L(AX}, o) is the collection of linear operators from X}, o
to X «o- The reason we had to substitute (6¢) with (91) is to attain some symmetry in the Jacobian matrix, this will be
clear from the well-posedness analysis. This method, as described, will require that we compute and store the Jacobian
matrix. This takes a good deal of memory and computational power. Instead, we will approximate the action of the
Jacobian matrix onto vectors using the finite difference approximation

G(zch + 65.’13h) — G(a:h)

DG(xp)0x), = , e=10"". (95)
€

The value of € is selected as a sweet-spot” value for epsilon that makes for stable float point arithmetic and ap-
proximation accuracy. suggested in page 80 of [24]. The algorithm we propose by provides updates in accordance to
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VO<m<M-—1: P =g+l DG(x)ox™ = —G(z}"), (96a)
(aZ,I’B%I’E}vzfue,apzfue,]) >0,

(@' By ,0,0), n=o.

0 __
Ty =

(96b)

We define (@™, BP™! En0 pit0) such that its array degrees of freedom is &} whereas intermediate steps will

be denoted as
k ~n+1,k,I n+1,k,I Hn+0,k,I n+0.k,1
ah = (@t By B ) 97)

The routine we use to solve the linear system in (96) is the GMRES algorithm. This Krylov method will require a
tolerance input which will be fixed to satify

IDG(zy!)ox™ + G(xp!)|l2 < nm |G (xh") 2, (98a)
. B €t
Tm = Min § Nmax, Max <nm, 7m> } ) (98b)
{ 1G(@3")]l2
. o Gz} ¢
Ty = Mmin {7max, max (m,, Ym—1) } M =7 (W) : (98c)
1G5 )ll2
with o = 1.5,y = 0.9, ymax = 0.8. The value of ¢, is fixed to guarantee non-linear convergence has been achieved.
IG@2 < €a + ellG(@R) 2 =€, €a = V/Htdof x 1071, 6, = 1077 (99)

The particular choices for the constants are the same as in [9]. However, this strategy is much more general [19]. The
guiding philosophy being a desire to guarantee super-linear convergence while simultaneously not over-solving with
unnecessary GMRES iterations.

The non-linear nature of the inexact Newton steps may shed doubt as to whether or not this solver preserves the
divergence free nature of the magnetic field. The following result arises from an understanding of how Faraday’s Law
is used to predict the magnetic field. The reality is that since this Law is linear then our finite difference approximation
to its Jacobian will, in fact, be exact.

Theorem 6.1 Suppose that dxy, solves

l)G(iL‘h)éiL';Z = —G(:Bh), (100)
then
divdBy, = div (BJ; — By,). (101)
Proof. Testing (100) against y5, = (0, C},0,0) yields
-1 - Bh - B}? -~
At ((SBh,Ch) + (I‘Ot 6Eh,0h> = —(7,C}l> - At(rot Eh,Ch) (102)
En En At En En

since C}, can be selected arbitrarily the above is equivalent to
At~ [§B), + B, — Bl'] = rot (5Eh + Eh) . (103)
Taking divergence on both sides yields (101). |

Corollary 6.2 If the initial conditions on the magnetic field By satisfy that div By = 0 then updates defined by (96)
will satisfy that
VO<n<N,O0<m<M: dvB;”" =0. (104)

Proof. The divergence of the initial estimate can be computed using the commuting property of the diagram in
Theorem 4.5. Indeed:
div BY = divZ®"(By) = 7" (div By) = 0 (105)

Next, suppose that div ;, B}’ = 0 then by definition div BZLH’O = 0. For the inductive step we can further assume that
div BZH’"’ = 0 thus from Theorem 6.1 we have that

div Bp T = div B 4 dive BT = div (2B — BRY) = 0. (106)

O
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6.2. Well-posedness

In this section we will study the wellposedness of each linear solve in the proposed Newton-Krylov method. To this
end we define the space
xh = TVILO X gh X Vh70 (107)

And, aj, : X, x X5 — R whose evaluation at 6&, = (§tn, 0By, 0Ey), ni = (vy,, Ch, Dy) is given by a(5&,,,mp,) =
C1(vn) + €2(Ch) + £3(Dp) for

01 (vp) = At~ ((mh’”")w Y OR! [5@,,, vh]T + e(Eh,Ivh (vp X HRTéBh)) n (108a)
h

h Vh

9(5@71% (vp % HRTBh))V +o? (I"h (@p x IET By,), IV (v, x HRTth)) +
h

Vh

63 (I"h (@ip x TIRT6By,), TV (vp, X HRTB;L)> 63 (IVh (@n x TIETSBy), TV (vp X HRTBh)> ,
Vh Vh

05(Ch) = QR;LlAt‘l(éBh,Ch)g +OR! (rot SEp, Ch)g , (108b)

h

03(Dy) = (5@, + 0TV (@, x TIRT6 By, + 6ty x TR By), Dh)v ~ R;}0(6By,rot 1 Dy), . (1080)

h
Here, and for the remainder of the section, we have fixed the value of z;, = (u, B}, Eé) With these definitions we
can pose the problem of finding dx;, satisfying 0G(xp)oxy, = —G(xy) as
Find (6&n, 0pn) € Xp X P such that for all (ny,, qn) € X X Pho it holds that

an(0&n, Mn)—bn (v, dpr) = f(nn), (109a)
by (0wn, qn) = 9(qn)- (109b)

Where f € X} and g € P;z,o are some appropriate bounded linear functionals and

b (vn,0n) = (divonau) (110)

h

The study of well posedness of (109) will have us introduce the next auxiliary problem
Find (0&, 6pn) € Xp X P o such that for all (ny,, qn) € Xn X P o it holds that

an,0(0&n, Mn)—bn(vn, 6pn) = fr(nn), (111a)
by (68n, qn) = gn(qn)- (111b)
The difference lies in that
an.o(8€n,n1) = an(5€n,np) + OR! (div 5By, div Ch)p : (112)
h

Therefore, the first result we need to establish is the equivalency between (109) and (111).
Proposition 6.3 Let 0, = (6Uy, 0By, 0Ey) € X, and p, € Pho solve (111) should the initial conditions on the
magnetic field be divergence free then div 6 By, = 0.

Proof. Testing (111) against g5, = 0, and 7 = (0, C},, 0) yields

By, — B}
A1 (6Bh +rot 6By, Ch) + (div 5B, div Ch> - (M + rot By, Ch> (113)
&n Pn At En
or equivalently
-1 B, - By , ,
At (5Bh + 10t 4By, + —— 7 + ot B, Ch)g - —(le 5By, div C;L)g . (114)
h h
Therefore, making
5" - B
C), =0Byj, +rotdE), + T + rot Fy, (115)
we find that, since by Corollary 6.2, the divergence of most terms in our choice of C', are zero yielding
AtHICHIZ, = ~lldivaBy|lZ, (116)
As a consequence the only solution is that divd B, = 0. |

The result of proposition 6.3 implies that if §¢ and py, solve (109) then
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a(6¢,m) = ao(6&,n). (117)

Providing the evidence we needed to guarantee that (109) and (111) are equivalent. Finally, we can present the well-
posedness of (111). In the spirit of [22] we introduce the following norm on &, = (up, By, Ep) € Xp, 0 as

IEnlIZ, | = Nonll2, o + B, o0 + I1BIE, - (1182)
lanllP, o = At s, + funl2, + At ldiva|? | (118b)
B4R, . = A IBAlI2 + ldiv By, . (118¢)
BRI, .. = IElI, +Atlllrot B2 . (1184)

Well-posedness relies on the LBB theorem, the following two lemmas prove that (111) satisfies its hypothesis.
Lemma 6.4 Suppose that At'/*@y,, ay,, By, € [L=()]? and Ey, € L>(NY) then bilinear form ay, ¢ is continuous in
the norms defined in (118a).

Proof. Let ¢ = (up, By, Ep) and ) = (vp, Ch, Ep,) be arbitrary elements in Xp. A series of applications of the
Cauchy-Schwartz inequality yields that

A (unvn) < A Sunll, A onllr,, < 6. e lonlls o (119)
[Funon] < (6], [on] 7y, < Nounllae o llonllas (120)

At 0By, Ch), < A2 [5Bu |, AtEIChlll., < 6Bl avsn N1Chlls0m (121)
(rot 6En, Cr) s, < At3[|rot 6By, At 2 IChll., < 0Enllaror 1CH a0 (122)
(6En. D1y, < W6Enlll, IDlllv, < 16Enllacror I1Dh a0 o (123)
(divoBy,divCy),, < [ldiv 6B, (Ildiveon ||, < 6Bl [ICH]ar - (124)

Continuity of the coupling terms comes about by similar arguments. Here, two representative terms. They rely on
the Friedrichs-Poincaré inequality, recall that || Ep|jo.0 < C||VE| 0,0 = ||rot Epllo,q and ||vilo.o < C||Vur|lo.a
holds for every Ej, € Vi, 0 C HE () and vy, € TV, C Hy respectively. Thus,

(T (@n x WH6By), D), < C|IT7 (wn x T6B) 0,0/ Dalloo
< Cl|@nlo|l6Bnllo,el[ Drllo.o
< Cllun o l|0Bhllo.al[rot Dpllo.o
< Clfain|oo At~ (||5 B[, AtY/?|[[rot Dy,
< ClN16Bu s 1 Dn ]| a1 o -

Finally, continuity of the second coupling term follows by

(ZV (@ x TT6By), T (o x TRTBy) ) < O (i x T 0By o ol 7V (o x T By oo
Vv

h

< Ot |0 [T Bl o[ Balo,2llvnllo.c
< C|AH 8| oo [T By || o At /216 By |0,/ Vonlo.c
< Ol A2, )| oo [T By || oo At Y/2|6 By .,

< ClI0Bh|llsea lonlllac -

‘vh|7'vh

O
Next, we present a proof of the so-called inf-sup condition.
Lemma 6.5 Let 0 > 0, and Uy, By, € [L>=(Q)]? and Ej, € L>(Q) In this case, for At is small enough then
]
inf sup @n,0(0€, 1) >C >0, where Xpo={(vn,Bn,E}):divv, =0}. (125)

5¢n€Xn0 myexn o [10€nlllx, llnllle, —

Where C does not depend on h nor At.
Proof. Select &, = (dup, 0By, 0E)) € X o arbitrarily, proof of (125) would follow if we can show that there
exists )y, € Xj, o satisfying
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an,0(0&n,Mn) = Cl[0&nl[lx, lllmmlll, -
We will do this by decomposing ay, ¢ into

an,0(6&n, M) = 1 (vn) + £5(Ch) + €3(Dp),
where ¢; and /3 are defined in (108) and

03(Cp) = £:(Cp) + (div 5By, div ch).
Let us pick p = (vp, Ch, Dy,) for
v, = ouy, Cp= %(5Bh + Atrot 0Ey), Dy = dFE.
Then,

01 (vp) = ATY)|0T]] 1y, + R;ly(sah\my + 9(Eh,z"h (0%, x HRT(SB;Z))V} +

+0° (5Eh,zvh (6, x HRTBh))V o (I"h (@n x TP By), IV (80, x HRTth)) v

Vh

463 (Ivh (G x TIRT§By,), TV (6uy, HRTBh)>V + 63 (zvhr (6@, x TIET By,), TV (60, HRTB;L)>
h

A1
2

R TAt

3(Cn) = 0R,! 5

R ~
10 Bx|II2, +GTH|d1V§Bh|H§h +0 llrot SER|12 +

Y OR! (5Bh, rot 5Eh) :

En

fg(Dh) = HléE\hHlih + G(Ivh (ﬁh X HRT(SBh),(SEh)V + H(IV" ((%ih « HRTBh),6Eh>V _
- 9R;11 ((5Bh, rot héEh)g, .
Using

9<Eh,1"h (6, HRTéBh)>V o (z"h (@p x IET By,), T (5, x HRTch)> +
h

Vi

63 (I"h (@p x TIRTS By, TV (duy, x HRTBh)>V o (I"h (5@, x IIRT By,), TV (60, HRTBh))
h

Vh
> —CAt (A IBIZ, + At lsan 2, )
where C' > 0 depends on 6, ||| oo, || Bhlloo and || En . And,

29(5Eh,IVh (51/1\,]1 X HRTBh)>V + Q(Ivh (ﬁh X HRT5Bh), 5Eh) >

Vh

EETHEN _ 1, o=
> LAt AL ([0 |y, ) — CoAHAE 0By, ) — S NIOERII

here C; depends on ||II%T B, ||« and C3 depends on ||@, || - Putting these together we find that
ah’o(ﬁh,’l’]h) > (1 — aAt — ClAt)At_lHléﬁhH'T\;h + Re_1|(51/l\,h|7_vh+

R IAt
2

R~ _ _ ~ 1.~
" (2 N czAt) AEMISBAIZ, + v oBlIZ, + ot sEwlIZ, + SIIEIIZ,

We pick At in such a way that

R! R

1— CAt — C At > Tm—éAt—CQAtzT.

1
- 2?
This gives
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(127)

(128)

(129)

9
h

>

h



1 ~ [ R}
onolnmn) = min { 3R 162, o +min { o1 10BuI,, +
. [R, 1 52 1 . R 2
+mm{272}|||6Eh|||M,m >mm{27Re = s,
To finish, note that
Il = 110/2) (Bo + At vot B, .. + 151

At,div At,rot

9?2 _ .
= = (A 1By + Aot B2, + div Bulld ) + I1EAIIZ, ..
92 1 2 2 : 2 2
= (ABIE, + Atllvot B2, +2(Brxot B1) |+ v BulRa) +IEAIE, ..
92 2 2 1/2 1/2 2 2
== (At1|Bh|||5} ldiv Bul[3 o+2(At /2By, At 2ot B,)  +At]|rot Eh||£h) +EAIE, ..,
0 h ’
92 1 2 2 2 2
< (27 B, + lidiv By 3 o + 28t [vot Bul|?, ) + IEnlI2, ..

62 9 62 9
<CuBu,,. + (1+ L) e, ..
62 9
< (14 %) e,

Finally, we present the main result of this sub section.
Theorem 6.6 Both problems (109) and (111) are well-posed.

Proof. Lemmas 6.4,6.5 and Theorem (4.3) prove that the hypothesis of the BBL theorem are satisfied yielding
as a conclusion that (111) is well-posed. Since, as a consequence of Proposition 6.3, problems (109) and (111) are
equivalent, the well posedness of one will imply the well-posedness of both. O

We note that this wellposedness result exposes the saddle-point nature of the linear system. This result can be
leveraged to come up with efficient preconditioner following the framework laid out in [28]. This was done for a
similar MHD system in [29] using a Picard fixed point iteration as the choice of linearization.

6.2.1. The Exact Jacobian
The strategy for preconditioning involved requires that we have an expression for the Jacobian 0G(xy,)dxy,. To do
this, we can select a direction yj, € A}, o and use

G(xp + €dzxy) - yn — G(xn) - yn

[0G(zp)dzh] - yn = lim (130)
e—0 €
This process yields

[0G(zp)oxn] - yn = b (yn) + C2(yn) + €3(yn) + La(yn), (131a)
Tp = (,a’I“B}I”E}I”p}Il), §$h = (6’&}1175B}17,76E£u6pll1)3 Ynh = (U}I7,7C}{,7D}Imq{7,)7 (131b)

o —1( s 1|5~ A Vh RT
01 (yn) = At (5uh,vh)m +OR; [5uh,uh}m + H(Eh,I (vp, x 11 6Bh))Vh+ (131¢)

0(5E),, IV B — (ai

+ ( h>s (vh X h))Vh ( lvvhaph)P]La
IRV STRESN _ Ag-l
0o (yp) = 9<d1v (5uh,qh)7>h, O3(yn) = At (6Bh,Ch)£h ¥ (rot SEn, C,,)gh, (131d)
Ca(yn) = (aﬁh 0T (G, x TIRT 6By, + 660, x TP By), Dh)v + R 0(5By.xot 1 Dy), . (131e)
h ]

The process of preconditioning will be done at the discrete level. The Jacobian is
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A 0 BC 0G+T00)\| [osul

G (xp,)dx) = OB ED - 0v 00 Mf’l‘ (132)
BT ETF 0 0 H 00 SE}
cT 0 00 0 0 00 opi
for
A = At 'Mpy, +0R 'Sy, + P MEMy, Mg, B=0MEM,y,, C=div}Mp,, (133a)
D =0R,'At"'M¢,, E=0R,'Mgrot,, F=My,, H=0My,M,, (133b)
I=6*MEMy, M, (133c)
where
v, - Myy,uj, = (Uhyvh>thv vy, - Srv,up = [Uhauh} o g5, - Mp, pj, = (qh,ph>Ph (134a)
Cl Mg, Bl = (Ch,Bh>gh, D! .My, Bl = (Dh,Eh)Vh, rot 4 B! = [rot By’ , (134b)
div yul = [divyus]’, M,Bl = [Z7Vr(a, x TET B!, Mpul, = 27V (a, x TET By,)|! (134c)

The matrix G can be computed by selecting a basis consistent with the degrees of freedom for 7V}, ¢ and onether for
&En, say {vi} and {C} } respectively then
Gij = e(Eh,z"h (vi x HRTCi))V +0° (Ivh (@ x T By,), TV" (vi x HRTC,{)) . (135)
h

h
The matrix G can be computed by selecting a basis consistent with the degrees of freedom for 7V}, ¢ and onether for
&, say {v]} and {C} } respectively then

Gy = (B T (v, < 7)) (136)

DG(:Eh)(S:Bh = 8G(a:h)5:ch + e(a:h)éa:h (137)
7. Numerical Experiments
7.1. Convergence Analysis

The first experiment we perform involves assessing the convergence of the numerical method. To this end we set
source terms, initial and boundary conditions in accordance with the exact solution given by

et cosy 0 .
u(xvyat) = ) B(xvyat) = ) E(xayvt) =Sz, p(xvyat) = —TCOSY.
0 sintcosx

This convergence test was proposed in [29]. To check the generality of the method we will the three different types of
geometries described in figure 1

7.2. The Driven Cavity Problem

The driven cavity problem is a classic benchmark from computational fluid mechanics. In this experiment we con-
sider an electrically conducting fluid that is entirely trapped inside a container with hard walls. The container, in our
simulations, will be the square 2 = [—1,1]2. This fluid is subjected to an external magnetic field given by the initial
conditions

By(z,y) = (1,0). (138)

We borrow the set up from [21]. The source term in the momentum equation is neglected i.e. f = 0. The initial and
boundary conditions on the velocity field are given by

’U,o(l',y) = ub(mvyat) - (O,U(l’,y)) (139)

where v € C1[—1,1] is any function satisfying
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Fig. 1. Illustration of the meshes used for testing the rate of convergence: triangular mesh (left panel), perturbed square mesh (central panel) and
Voronoi tesselation (right panel).

1 y=1
v(x,y) = 140
(z,y) {0 Cl<y<i-h (140)
Where 2 > h > 0 is the mesh-size. Finally, we will consider the walls of our cavity to be made from a perfect
conductor. This is reflected in the boundary conditions on the electric field

Ey(z,y,t) =0 (141)
7.3. Magnetic Reconnection

The next experiment we will perform involves a characteristic feature of resistive MHD, the phenomenon of mag-
netic reconnection. At very large scales, usually in space physics, the behaviour of plasmas can be well-approximated
using ideal MHD. In this case, the magnetic field lines will advect with the fluid. This is often referred to as the
“frozen-in” condition on the magnetic field and it is the statement of Alfven’s Theorem. In certain regions of the
earth’s magnetosphere, namely the magnetopause and magnetotail, this process will lead to very thin current sheets
that separate regions across which the magnetic field changes substantially. In this test we consider one Harris sheet
constrained to the computational domain 2 = [—1, 1]2. The magnetic field in this domain is given by

By (z,y) = (tanhy,0). (142)

The above expression will be the initial conditions on the magnetic field. This profile for the magnetic field was
introduced in [20]. Its simplicity has made it a common choice in modelling magnetic reconnection. We will further
assume that the particles in this sheet are subjected by some external agent to a flow described by

Ub(ﬂ%yat) = Uo(l’,y) = (—l',y) (143)

The above are, mathematically speaking, the initial and boundary conditions on the velocity field. This flow will force
the magnetic field lines together at a single point making the current density grow. A tearing instability is formed and
magnetic reconnection happens as a response. This process is described in detail in [25,33]. We close this model by
imposing the boundary conditions

VE>0:  Ey(t) € Po(89), and By(t) -ndl =0 (144)
oN

8. Conclusions

We have designed a VEM to come up with approximations to the solution to the system of MHD (2). Our analysis
shows that the approximations satisfy a set of desirable energy estimates as shown in Theorem 5.2. Moreover, we
have also developed a linearization strategy that is easier to implement than the more classical Newton method while
simultaneously preserving the rate of convergence. Our well-posedness study shows that each linear solve should
be stable. We have also identified three numerical experiments that are of interest. The first will allow us to verify
the rate of convergence of the method. The expectation is that such a rate is quadratic, linear, quadratic and linear
for the velocity field, pressure, electric field and magnetic field respectively. The second experiment is related to the
fluid flow. In a sealed square cavity we push a magnetized fluid tangential to the top wall. The fluid should begin to
follow spirals, the number and size of these spirals depend on the magnetic and viscous Reynolds numbers. The final
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experiment is a model for magnetic reconnection. This phenomenon is characteristic of MHD and a feature in several
settings involving plasma physics including space weather and tokemaks. Further work is necessary to complete these
numerical experiments.
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9. Constructing The Inner Product Matrices in 7V},

Let P be a cell in the mesh €2,. In this section we will assume that, for a bilinear form a;, which will either represent
the inner product or semi inner product in 7V},. They are

ap(u,v) = (u, v), or ap(u,v)=(Vu,Vv) (145)
We assume that we already have a means, using only the degrees of freedom, of computing the quantities
an(x,q), x €TV, qc[P(P) (146)

Let ® := {v} be a basis that is consistent with the degrees of freedom of TV}, and Q := {qo, ..., q¢} a basis for
[P2(P)]?. Then, if we define the matrix G and B whose entries are defined by

Gij = an(qi,q;) and B = an(qi,or) for gq; € Q,pr € ® (147)

then right multiplication by I, := G~'B to a vector that carries the degrees of freedom of a function in will
yield the coefficients of the expansion of the projection onto the basis ). We note that in the case that aj(u,v) =
Vu, Vv, |, the matrix G described above is singular. We fix this by annexing two more equations. We mention this
in the section 10.
In the end we are much more concerned with knowing the degrees of freedom of the projection rather than the
coefficients in its expansion. Right multiplication by II = DII* will yield the necessary degrees of freedom, the
entries in the matrix D are

D, ;j = dofi(q;), q; € Q. (148)
Where dof;(q) represents the i—th degree of freedom of the function q. Finally, the inner product matrix is given by
M =TrHIL, + |P|(I — )T (I —T1I). (149)
where the entries of H are given by
H; ;= an(qi, q;)- (150)
In this manuscript we will considered the following ordered basis for [P2(P)]?.
1 0 T 0
q; = y q2 = ; q3 = y d4 = ) (]Sla)
0 1 0 x
Y 0 x? 0
as = S s qr = I EES ; (151b)
0 Yy 0 x2
2
Y 0 Ty 0
a9 = » Qo= y qu = s Q2 = ~ (151¢)
0 y? 0 zy
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10. The semi-inner product in 7V}, (P)

We want to approximate the bilinear form

a(u,v) = (Vu,Vv) (152)
First we need to compute div uy, for uy, € TVj,(P). By definition div w;, € IP(P). Thus, in one hand
/divuh = divuy|P|. (153)
P
In the other hand
divuy, = / up - ndl = up, -ndl =
/ » 2

ecop”’®
e v+ vl
= E % (uh.n(vé)+4uh.n(e+e

)+ up, -n(vé)) (154)
ecoP

Where, the edge € has endpoints at the vertices V¢ and V2. The above uses a quadrature exact for quadratic polynomials,
recall that Ve € OP :  wy, € [P2(e)]?. Therefore,

1 e vz + vl
divup, = — Z lel uh~n(vé)+4uh-n(g)+uh “n(vY) (155)
|P| 6 2
ecoP
10.1. The matrix B
The structure for the matrix B is taken from [3].
Py(v1)... Po(vn)
(ng, V’U1> e (ng, V’UN)
B = o (156)
(V%Q, VUl) o (VQU, VUN)
where we define
Py(v) = _v(v). (157)
\
To compute each the rest of the internal entries we use
/ Vq; Vv, = / v Vgndl — / Agq; - Vg (158)
P oP P
Note that for any g; it is the case that Ag; € [Po(P)]? so we can find g; € IP;(P) such that Ag; = Vg;. Then,
/ti -V, = / v - Vgindl —/ Ag; - v = (159)
P oP P

:/ Vg - tind€+/gidivvk —/ givg - ndl =
P P P

= (T1) + (T2) — (T3)

Now we separate into cases depending on which term we are computing.

10.1.1. The Term T1
A formula for T1 will require that we compute the gradient of each of the polynomials, they are:
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10 00 01 00 2z 0

Vaqs = , Vaqu= , Vg5 = , Vg = , Vg7 = , (160)
00 10 00 01 00
00 0 2y 00 y @ 00

Vags = ,Vaqg = , Vqio= Va1 = , Vaqi2 = . (161)
2z 0 00 0 2y 00 Yy x

We use Simpson’s Rule to compute the integrals that come up. We note that Simpson’s Rule is exact for cubic poly-
nomials.

em
/ vy - Vazndl = Z elna ( = (V) + 4uy, J,(VB/Q + v o (VS )
ap ccop O
e|ny
o O Vqundl = za:P 6 (Uk (V1) + 4k (V55) + viy (V3 )
ec
le|ny
Vi VQ5TLCM = Z <1}k7$(V1) + 4y, L(VS/Q + Vg, V2 )
opP ecoP 6
le|ny
- v - Vggndl = ZP 6 (vk » (VD) + 4oy, y(v3/2 + Vg y (V5 )
eco
‘e|nw e,r e e,r e e,r e
- v - Varndl = Z 3 (V1 Vg, (VS) + 4V3/2vkﬁz(v3/2) + v, U;W(VQ)) ,
ecoP
‘e|n1 e,r e e,r e e,r e
o v - Vgsndl = Z 3 (Vl ’Uk,y(Vl) + 4V3/21}k7y(v3/2) + V3 Uk,y(vg)) ,
ecoP
lelny e,y e e,y e
- vy, - Vgondl = Z 3 (v1 Ve (V) + 4V3/2vk’m(v3/2) + v, vk’x(VQ)) ,

en
/ Vg - Vqlondé = Z HTy (V?yvk,y(vi}) —+ 4v§’/y2vk7y(v§/2) + ngvk,y(vg)) ,
9 ecoP

e T T T
/ vy, - Vaundl = Z |6‘ (Uk (VD) (VT + Vi ny) + 4”16,:1?(\/3/2)(\/37/1}2”96 + Vg’/2ny) + Vk,2 (V5 (V5 g + V5 ny))) 5
9 ecoP

e
[ Vamdt = 3 (o 08 48 4 0 8 )+ V) + v (0S¥ 0,))).
op ecoP

10.1.2. Terms T2 and T3
To compute the two remaining terms we need the corresponding g;. First we note that Aq; = 0 fori = 2,3,4,5,6,11,12,
we can pick the corresponding value of g; to be exactly 0. For the rest of the polynomials we have

2 0

Aqr = 0 =V(2z) =Vgr, Ags= o) = V(2y) = Vgs,
2

Aqy = 0 =V(2r) =Vgy, Aqio= = Vygo.

Thus, to compute (T2) we can use
[ oraivor = [ giver = 2P(aiver) (ae),
P P

/gsdink = /glodivvk = 2|P|(div vg)(yp).
P P

Here, (xp, yp) is the centroid of P. Finally, to compute (T3) we use
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‘e| , T 5T 5T
/8P g7vg - ndl = /BP gov - ndl = Z 3 (V(le v - n(V§) + 4V§/211;C -n(v§/2) + v oy, n(vg))
ecoP
e
/ gsvi - ndl = / g10vk - ndl = Z lel (vf’yvk ‘n(V§) + 4v§’/y2'vk “n(V§ ) + Vv - n(v%))
oP oP Jomrl

10.2. The Matrix G and H

In the case where we consider

ap(u,v) = (Vu, V'u)

The matrices GG and H are

Po(a) Polas)  Polas) .. Polar) gg 2 - ‘0)
G = 0 0 <vq3,’vq3) (V‘J&VCIu) , H=100 (V‘I37V¢13) (vq37vq12)
0 0 (Vqlz,ng) (un,un) = :

00 (Vqlg, VQ3) (Vqlg, VQ12>
In order to compute the quantities (ti, qu> we can divide each element P into triangles and we apply

[ staaa =L+ e + 500s1)

the evaluations are done at the midpoint of edges. We note that the above quadrature is exact for up to quadratic
polynomial.

11. The Mass Matrix in 7V (P)

The first step in computing the mass matrix is to come up with a method to compute integrals of the form

/ — (162)
P

for ¢ € [P2(P)]? and v, € V;,(P). First, note that in the case that ¢ € [Po(P)]?, then we can find g € P1(0) such
that Vg = g. Applying an integration by parts formula.

/'Uh-q:/ gvh~nd€—divvh/g, (163)
P oP P

In the case where we have a general polynomial ¢ € [P2(P)]%. Then, by construction ¢ — ¢ € G& (P) /R? for

¢ = [, q implying that
/’l)h'q:/’l}h'(Q*C)+/'vh'C. (164)
P P P

We already know how to compute f p Uh - €. And, by definition of 7V, (P) we have that

/th~(q—0)=/PH§vh-(q—c) (165)

In order to compute many of the integrals that will arise we will need a quadrature formula exact for quartic poly-
nomials. We borrow this quadrature from [34]. However, we need To apply a transformation that maps the triangle
Ty with vertices at (0,1), (1,0) and (0,0) to the triangle T" with vertices at (o, o), (z1,¥1) and (z2,y2). Such a
transformation is

Tr1 — X9 T2 — Tg x Zo
L(z,y) = + (166)
Y1 — Yo Y2 — Yo Yy Yo

Thus, we will use the following integration formula
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L £ = (1 — 20)a — v0) — (@2 — w0) s —w0)] | Fol (167)

To

We will use the quadrature rule presented in [34].
12. Computing G

The variational formulation is given by

n+1 n

U, — —up ) R—l{ n+6 } <Jn+9 TVn « TIRT gn+o )
( At ’thvh+ e [%h ’thvh+ h T o h )Vh

- (divvl17p2+9>7) = (.fh,vh>7_v ) (168&)

h h
(div u2+97qh) —0, (168b)
Ph
Bn+1 —_ B™
hh70h> + (rot E;}“’,Ch) =0, (168c)
At c En
h

(J5%°, Dn),, — Ry, (Bp rot Dy), =0, (168d)
upt? = (1-0)up +ouj™', Bt =(1-0)B) + 0By, (168e)
St = B I (ut? < T BREY), (1681)

We want to compute G(xz) which is defined in such a way that G(x) - y is the sum of (168a)-(168d). To recall
x = (M, B B ity = (v, CFL DY ah) (169)
If we wanted to know the first entry in G () we could test against
y = (e1,0,0,0) (170)

This works as long e; € (TVho)!, and 0 € (Vio)!, (), Vio)!, (Phro)!. This works well for the spaces
(TVnho0), ()L, (Vo) do contain a basis that is consistent with the degrees of freedom. Unfortunately, this is not
the case for P, o, note that by construction it must be the case that

> (ah)i =0. (171)
i
Next we will propose a solution to this problem. Let us consider {P; : 1 < i < N} as the set of cells in the mesh €.
Moreover, let us consider

ar = (a1, (af)n-1) (172)
This is to say that we are going to ignore the last entry in the test function. When the information is necessary we will

use the identity
N—-1

(@)n == (ah)i (173)

i=1
In this case we can find a basis that is consistent with respect to the degrees of freedom. We need to note that the
outcome of this process should only yield

ph = ()1, (h)n-1) (174)

the final entry can be found as before. Mathematically speaking what we are doing is considering a basis for Py, o. In
term we are writing the arrays as

Q1 .
=q|  |+e|  |+-Faa| |- (175)

qN
-1 -1 -1

The first step is to compute the projector I1° : TV}, (P) — [P2(P)] ? defined by
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/HO’Uh‘qu:/'Uh‘qu vq € [P2(P)]”.
P P

30



